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In this paper we show that if P is a finite p-group with the elements of order p 
(orders 2 and 4, ifp = 2) central, then the commutator group P’ and the central 
factor group P/Z(P) h ave the same exponent. We obtain new proofs and analogs 
for p = 2 of two recent results of van der Waall [4, Theorems 2.31. We also 
obtain a new proof of a result of Alperin [I, III, (12.1)] on the structure of 
centralizers of maximal elementary Abelian normal subgroups and an analog 
of his result for maximal elementary Abelian characteristic subgroups. The 
notation is standard (cf. [l]) with the following additions: 
For Q a finite p-group, we write 
where, as usual, 
Q(Q) = Q,(Q) (ifp = 3, 
= J%(Q) (if p > 9, 
Q,(Q) = <x E Q 1 xv’ = 1). 
If g is an element of a finite group, 1 g / denotes the order of g. 
Our results depend on the Lemma of [2] which we state here for convenience. 
LEMMA 1. Let P be a jinite p-group with G(P’) < Z(P). Then fi(P/L) < 
Z(P/L) for all subgroups L of P with sZ(P’) < L < Z(P). 
Easy applications of Lemma 1 imply 
(-j-) ;f G(P) < Z(P), then l&(P) is the set of elements x E P with xpi = 1. 
We now prove 
PROPOSITION 2. Let P be a finite p-group with sZ(P) < Z(P) and let x, y E P. 
Let Q = (x, y). Then 
I Lx, rl I G I xZ(Q)I. 
Proof. Define subgroups Vi of Q inductively as follows: Put V, = Z(Q). 
Having defined V,, ,..., Vi , define Vi,1 by V,+,/V, = sZ(Q/Vi). Applications of 
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Lemma 1 imply that V,+,/Vi < Z(Q/V,) and that the exponent of Vi/Z(Q) is 
at most 4i (if p = 2), pi (if p > 2), and that it has exactly this exponent if 
Vi # Q. 
We now prove the proposition by induction on 1 xZ(Q)j. Suppose / xZ(Q)i = 
pk. By induction we may assume that [y, @‘]“*-l = 1. But [y, x”] = [y, x]% 
where w is a product of elements of the form [y, X, v]. Now if Y is the least 
positive integer for which x E V, , then [y, X] E V,_, and thus, using the fact 
above about the exponent, [y, X, ZI]“‘-~ = 1, for all v. But now [y, x]” E G’,-,(Q) 
and the result follows from (t). 
THEOREM 3. Let P be a jinite p-group with G(P) < Z(P) and let x, y E P. 
Let Q = (x, y). Then 
lk~ll = I xZ(Q>I. 
Proof. Let 1 xZ(Q)I = pk. By induction, we may assume that i[y, x”]l = 
pk-l. Now [y, xp] = [y, x]Pw as in the proof of Proposition 2. Now if 1 [y, x] 1 < 
pk-l, then 1 [y, X] Z(Q)1 < pk-2, since 52(Q) <Z(Q). Thus w E Q,-,(Q), by Propo- 
sition 2 and (t). But then [y, xp] E Qn,-,(Q), a contradiction. The result follows. 
COROLLARY 4. Let P be afinite p-group with Q(P) < Z(P). Then the exponent 
of P’ is the same as the exponent of P/Z(P). 
Proof. By (t), the exponent of P’ is the maximum of the orders of simple 
commutators [x, y]. By Theorem 3, I [x, y] j is the least power of x which commutes 
with y and thus for fixed x 
The result follows, 
y$“ Ik Yll = I xZ(P)I. 
COROLLARY 5. Let P be a finite p-group of order pn (n > 3) with Q(P) < 
Z(P). Then the exponent of P’ is, at most, p(n-2)l2 (2(n-3)/2 ifp = 2). 
Proof. If P is Abelian, the result is trivial, so we may assume that I Z(P)] > p 
(4 if p = 2). Let x, y E P and suppose that ][x, y]] > p(n-2)/2 (2(n-3)/2 if p = 2). 
Let Q = (x, y). We may assume P = Q. By Theorem 3, 
and 
[(xZ(P))I > p(n-2)/2 (p-3)i3 if p = 9, 
so 
I (y-z(P)) I > p(n--2)/2 p-3v if p = 2). 
I w(p)>(Yw)> I 2 Pn-l (2n-2 if p = 2) 
This is a contradiction. 
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Remark 1. Suppose p > 2 and that P is a finite p-group of order pn with P’ 
cyclic and Q(P) < Z(P). If in the proof of Corollary 5, I[x, y]l = P(~-~)/~, then 
1 Z(Q)1 = p2, 1 Z(Q)1 = / Z(P)! and (using [l, III, (11.5)]), P/Z(P) is metacyclic. 
Remark 2. Let P be a finite p-group with P’ cyclic. Assume also that 
Q(P’) < Z(P): note that this condition follows from P’ cyclic for p > 2. By 
Lemma 1, W = P/Q(P’) satisfies the hypotheses of Corollary 5. Hence if 
/ P I = p” and p > 2, Corollary 5 implies that ptn121+l divides I P/P’ /. This is 
Theorem 1 of van der Waall [4]. Also if p = 2 then 2Ln121 divides ] P/P’ I. 
Theorem 2 of [4] shows that no result of this type can hold if we delete the 
hypothesis Q(P’) < Z(P) here. 
We now prove 
THEOREM 6. Let P be a jinite p-group, p > 2, of order p2m+1, m > 1, with 
P’ cyclic of order pm. Then P has the presentation 
p = (x, y ) xprn+l = ypm = 1, y-ixy = xi+,>. 
Proof. Let W = P/Q(P’). By R emarks 1,2, W has the following properties 
(1) Z(W) = Q,(W) has order p2, 
and 
(2) W/Z(W) is metacyclic. 
Since w’is cyclic, W is regular [l, III, (10.2)]c), so I W/&(W)] = 1 Q,(W)/ = 
p2. Hence W is metacyclic [l, III, (11.2)] and thus P is metacyclic (since n > 3) 
(using, e.g., [l, III, (11.3)]). By [I, III, (11.2)], P has a presentation 
<%Y I x~a = 1, Y~b z x~c, y-lxy = xk), 
where c>O, kp”= lmodpa,pC(k-l)=OmodpQ, and a+b=n. Now 
P’ = ([x, y]), so b > m. The map 
u -+ y-luy (u E (x>) 
is an automorphism of (x) of order pl”, so a > m + 1. Hence since a + b = 
2m+l, a=m+l, b=m and k- Imodp, k+ 1modp2. Replacing y 
by yj for somej with ( j, p) = 1, we may assume that k E 1 + p mod jP+r. 
This completes the proof. 
Remark 3. The group presented in Theorem 6 is given as an example 
by van der Waall [4, p. 3431. Note that Theorem 6 fails if m = 1. 
Remark 4. Two generator p-groups P (p > 2) with P’ cyclic have been 
recently classified by Miech [3]. 
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Let P be a finite p-group and let A(P) be the set of Abelian subgroups of P 
of greatest order and let U(P) be the set-theoretic union of the elements of 
A(P). The Thompson subgroup, J(P), of P is the group generated by the elements 
of A(P). 
We now prove 
THEOREM 7. Let P be a Jinite p-group with P’ cyclic and J?(P) < Z(P). 
Then P = U(P) = J(P). 
Proof. We need only show that P = U(P). A ssume that this is false and let 
P be a minimal counterexample. Let z E P - U(P) be an element of least 
possible order. Then zn E U(P), so U(C,(z”)) C U(P) and, since x E Cp(zP), 
minimality of 1 P 1 forces C,(zr) = P. By Lemma 1, [z, P] < Z(P). Let 
A E A(P) with xv E A. By minimality of 1 P 1, (z, A) = P and, since [z, A] < 
Z(P) < A, A Q P and j P/A 1 = p. Now P’ = [z, A] has exponent p and thus 
has order p. Hence C,(z) has index p in A and thus (z, C,(z)) E A(P). This 
,. contradiction. 
Note that the result fails for p = 2 if we delete the condition D(P’) < Z(P)- 
the generalized quaternion groups and dihedral groups of order 2” > 16 are 
counterexamples. 
THEOREM 8. Let P be afinitep-group. Then 
(a) if P has a maximal Abelian normal subgroup A such that [P, A] is cyclic, 
then all maximal Abelian normal subgroups of P belong to A(P), so, in particular, 
they all have the same order. If, in addition, p > 2, then all maximal Abelian 
subgroups of P belong to A(P). 
(b) if B is an Abelian normal subgroup of P with [P, B] cyclic, then B is 
contained in some element of A(P). 
Proof. (a) We first show that A E A(P). Suppose that this fails and let P be 
a minimal counterexample. Let B E A(P). Then A(AB) C A(P), so, by minimality 
of P, P = AB. Hence P’ = [A, B] is cyclic. We now claim that Q(P’) < Z(P). 
For suppose this is not so. Thenp = 2, 1 Q(P’)I = 4 and C&?(P’)) has index 2 
in B. But then B, = Q(P’) C&?(P’)) E A(P) and, by minimality of P, P = AB, 
and thus Q(P’) 6 A n B, < Z(P), giving a contradiction. Hence the claim 
holds. (This argument is really a special case of the Thompson Replacement 
Theorem.) Hence P satisfies the hypotheses of Theorem 7. So P = U(P). Let 
a E A. Then A(C,(a)) _C A(P), so by minimality of P, C,(a) = P and a E Z(P). 
Since this holds for each a E A, we find that A < Z(P), so A = P, giving a 
contradiction. 
Let B be a maximal Abelian subgroup of P (assume also that B is normal if 
p = 2). We must show that B E A(P). W e may assume that P = AB. Note 
then that P’ = [A, B] is cyclic and that, if also p = 2, P’ < A n B < Z(P). 
92 THOMAS J. LAFFEY 
SO P satisfies the hypotheses of Theorem 7. Let b E B - Z(P). By induction on 
j P/Z(P)/ we may assume that B E A(C,(b)). But, by Theorem 7, A(C,(b)) c 
A(P). This completes the proof of (a). 
(b) Let A E A(P) and let C be a maximal Abelian subgroup of AB con- 
taining B. Now [AB, C] < (AB)’ = [A, B] < [P, B] is cyclic. By part (a), 
C E A(AB) _C A(P). So (b) holds. 
Remark 5. We note that if P is a finite p-group with P’ cyclic, then Theorem 
8(a) implies that all maximal Abelian normal subgroups of P have the same order 
(cf. [I, III, (13.7a)l) and that all maximal Abelian subgroups have the same order 
if also p > 2: again the generalized quaternion and dihedral groups of order 
2” 3 16 show that this fails for p = 2. 
We also note that if P satisfies the hypotheses of Theorem 8(a), then P/C,(B) 
is Abelian (cyclic if p > 2) and C,(B)/A is Abelian (since [C,(B), A] < 
Z(C,(B))), where B = [P, A], so P has derived length at most three. 
We now give two further applications of Lemma 1. Our first application is to 
give a short proof of the following result of Alperin (cf. [l, III, (12. I)]). 
THEOREM 9. Let G be a finite p-group and let A be an Abelian normal subgroup 
of G maximal subject to 52(A) = A. Then Q(C,(A)) --_ A. 
Proof. Assume the result fails and let B be a normal subgroup of G with 
A < B < Co(A) with 1 B 1 minimal subject to Q(B) # A. Since B # A, 
B # AB’ and thus Q(B’) < Q(B’A) = A, by minimality of 1 B /. Hence 
O(B’) < Z(B). By Lemma 1, Q(B/A) < Z(B/A) so Q(B) has class at most 
(and thus exactly) 2. If p > 2, it is immediate now that Q(B) has exponent p. 
Suppose p = 2. If B = Q,(B)A, then, since B has class 2, B’ has exponent 2 
and thus B has exponent 4. If Ql(B)A # B, then O,(B) < A, by minimality of 
j B 1 and thus, again using the fact that B has class 2, B’ has exponent 2 and B 
has exponent 4. Let D be a normal subgroup of G with A <D < B and 
j D/A / = p. Then D is an Abehan normal subgroup of G with Q(D) == D, 
contradicting the maximality of A. 
Remark 6. Note that Theorem 9 provides us with examples of groups 
satisfying the hypotheses of Theorem 8. 
We now obtain an analogue of Alperin’s result for elementary Abelian 
characteristic subgroups (for p > 2). 
THEOREM 10. Let P be a finite p-group (p > 2) and let A be a subgroup of P 
maximal subject to being elementary Abelian and characteristic. Then O,(C,(A)) 
has exponent p and class at most 2 and QI((C,(A))‘) < A. 
Proof. Let W = Q,(C,(A)) and suppose that W has class k > 3. Let 
w, = w, w, ,..., w,,, = 1 be the lower central series for W. Then W, < A 
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and [l, III, (2.1 lb)]), W,-, is Abelian. Let B = Wk-,A. Then B is a characteristic 
Abelian subgroup of W and B > A. By maximality of A, Q,(B) = A. Let 
v E W,-, and let w E W with wp = 1. Then 
1 = [ZI, w”] = [v, w]qJ, w, W](PZ), 
and (using p > 2) we get [v, w]~ = 1. 
This implies that [v, w] E J&(B) = A. Hence, since W = Q,(W), [W,-, , W] < 
A. This is a contradiction. So W has class at most 2 and thus, since Q,(W) = W, 
W has exponent p. 
Again, if [C,(A), W] < A, let H be a characteristic subgroup of P minimal 
subject to [C,(A), H] < A. Now [C,(A), H, C,(A)] < A and thus [C,(A), H] 
is Abelian (using, e.g., Witt’s identity). Since H has exponent p, this implies 
[C,(A), H] < A, giving a contradiction. Now the fact that 
[C,(A), WI d A < W,(4), 
implies that the mapping 
8: C,(A) --f Aut( W) 
defined by 
e(c): u -+ ccluc CUE w> 
is a homomorphism whose image is Abelian and whose kernel is C,(W). Thus 
C,(A)/C,( W) is Abelian. 
Hence 
(C&W G GPV~ 
and thus 
Qd(CM)‘) G -QI(CPW>) = A. 
This completes the proof. 
Remark 7. Note that this shows that for such an A, C,(A) satisfies the 
hypotheses of Lemma 1. 
Note that the argument of the first paragraph (with “characteristic” replaced 
by “normal”) can be used to give another proof of Theorem 9 for p > 2. 
LEMMA 11. Let G be a finite p-group and E an extraspecial normal subgroup 
of G. Then 
GVWEN = -W(E). 
Proof. Let 1 E/Z(E)1 = p”. Note that EC,(E) < C,(E/Z(E)) and that 
1 EC,(E)/C,(E)j = pk. Let x1 ,..., xk be a generating set for E. 
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Define a map 
bY 
4: C,(E/Z(E)) ---f Z(E) @ **a 0 Z(E) (K times) 
$44 = ([Xl 7 4..., hc , Cl). 
Then 4 is a homomorphism whose kernel is C,(E). Hence 
The result follows. 
Our second application of Lemma 1 is to obtain a short proof of Theorem 3 of 
van der Waall [4]. We also obtain an analogue of his result for p = 2. 
THEOREM 12. Let G be a noncyclic jinite p-group with Q(G’) < Z(G) and 
Z(Q,(G)) cyclic. Then G is the central product of an extraspecial normal subgroup 
E and the cyclic group Z(G), where Z(E) and QI(Z(G)) are identi$ed. Also E has 
exponent p if p > 2 and exponent 4 ifp = 2. 
Proof. The case p > 2 is much simpler and we deal with it first. 
Suppose p > 2. Note that Qr(Z(G)) ,< Z&$(G)) which is cyclic, so Z(G) is 
cyclic. Hence G’ is cyclic. By Lemma 1, Q,(G/SZ,(G’)) < Z(G/Qr(G’)), so Qr(G) 
has class at most 2 and thus it has exponent p. Also [G, Q,(G)] < Qr(G’) = 
-W-4(G)). So (JUG))’ h as orderp, Q,(G) is extraspecial and C,(Qr(G)/Z(Qr(G)) = 
G. By Lemma 8, G = Qr(G) C,(Qr(G)). Now Qr(C,(Qr(G))) = Z(Q,(G)) is 
cyclic, so C,(sZ,(G)) is cyclic and thus equals Z(G). 
Suppose now that p = 2. As above Z(G) is cyclic and from Q,(G) < Z(G), 
G’ is cyclic. Also [G, J&(G)] < Q,(G’) and thus Qr(G) has class at most 2. 
If Qr(G) is Abelian, then it is cyclic, so G is an (ordinary or generalized) quater- 
nion group and, since Q,(G) < Z(G), G is in fact the ordinary quaternion group 
and the theorem holds. Assume then that&(G) is not Abelian. Since [G, Q,(G)] < 
Z(G), [G, 52,(G)] has order 2. So (Q,(G))’ has order 2 and J&(G) has exponent 4. 
Also (using Lemma l), Ur(Qr(G)) < Z(G) and thus &(Qr(G)) = @(J&(G)) 
has order 2. If Z(Q,(G)) has order 2, then Q,(G) is extraspecial. 
In this case write W = Qr(G). If Z(.Qr(G)) has order 4, let z, ur ,..., ut be a 
minimal generating set for Q,(G), where Z(Qr(G)) = (z) and ur ,..., ut are 
involutions. Let W be the group generated by ur ,...., ut . Note that W is not 
Abelian and thus Q(W) < @(QI(G)) h as order 2. Thus W is a maximal subgroup 
of Q,(G). 
By construction, Q,(W) = W and Z(W) < Z@&(G)). Hence W is extra- 
special. Also [G, w] = Z(W), so in particular, W is normal in G. In each case, 
Lemma 11 now implies that G = WCo( W). 
Now 
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and, since sZ,(Co(Qn,(G))) ’is c c ic and Qa(G’) < Z(G), C,(SZ,(G)) is cyclic or y 1 
quaternion of order 8. Also Co(Z(Q1(G))) h as index at most 2 in G. If Z(Q,(G)) < 
Z(G), the theorem is therefore proved. 
Suppose from now on that C,(Z(Q,(G))) has index 2 in G. Suppose first 
that C,(Q,(G)) is cyclic. Since C,(Q,(G)) has index at most 2 in C,(W), C,(W) 
is, by [l, I, (14.9b)], cyclic (ordinary or generalized) quaternion, dihedral, 
quasi-dihedral or 
C,(W) = (24, v / ZP = 02 = 1, U” = Ur+an-l) (*I 
for some n >, 2. The condition Q2(G’) < Z(G) shows that if C,(W) is (ordinary 
or generalized) quaternion, dihedral or quasi-dihedral, then it must have order 8, 
in which case the theorem holds. We can thus assume that C,(W) has the form 
(*). In this case, 
where 
J&(G) = !S,(WC,( W)) = WU, 
u = (v, u”““) 
(using W n C,(W) = (~4~“~~) = Ul( W)). 
Hence if IZ > 2, Z(Q1(G)) > U and it is therefore noncyclic. Hence 7~ = 2 
and again ] C,(W)] = 8. This completes the discussion of the case C,(SZ,(G)) 
cyclic. 
Suppose finally that I’ = C&?,(G)) is quaternion of order 8. Now C,(W) 
has Y as a subgroup of index 2, and, by Lemma 11 and the fact that Z@,(G)) is 
cyclic, C,(W) is the central product of V and the cyclic group of order 4 with 
subgroups of order 2 identified. Since VW is extraspecial, the theorem again 
holds and the proof is complete. 
Remark 8. For p > 2, Theorem 12 here differs from Theorem 3 of van der 
Waall [4] in that we have the condition Q1(G’) < Z(G) in place of the condition 
Z(@(G)) cyclic. 0 ur condition, with the condition Z(Q1(G)) cyclic, implies that 
G’ is cyclic, while as is pointed out by van der Waall, by a result of Hobby 
[l, III, (7.8c)], the condition Z(@(G)) cyclic implies that D(G), and thus, in 
particular, G’, is cyclic. Thus his result does in fact follow from Theorem 12. 
As a slight variation on Theorem 12 for p > 2, we could replace the condition 
Ql(G’) = Z(G) by th e condition Z(G) cyclic, since this also leads, by a result 
of Burnside [l, III, (7.8b)], to G’ cyclic. We further note that Theorem 12 may 
be regarded as an analog of P. Hall’s result classifying p-groups all of whose 
Abelian characteristic subgroups are cyclic [l, III, (13.10)] and, in fact, implies 
his result for p > 2. We also note that this result (for p > 2) can be deduced 
from Theorem 10 and Lemma 11. 
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